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A new approach for analyzing and understanding the dynamics of combined reaction
separation processes with fast chemical reactions was proposed recently. The approach
is based on transformed concentration variables which were first introduced by Doherty
and co-workers for the steady-state design of reactive distillation processes. Application
was demonstrated for reactive distillation processes and fixed bed, as well as moving-bed
chromatographic reactors. The focus was on simple reactions of type 2 A º B � C. This
approach is further extended and applied to some real—fairly complex—multireaction
systems. Applications to be considered are a reactive enantiomeric separation process in
a fixed-bed chromatographic reactor, and an industrial reactive distillation column.
Finally, application to membrane reactors is discussed. © 2005 American Institute of
Chemical Engineers AIChE J, 52: 1010–1026, 2006
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Introduction

During the past decade, combined reaction separation pro-
cesses received a lot of attention due to the potential economic
benefits compared to conventional technologies, where reac-
tion and separation are carried out in different devices (see, for
example, Kulprathipanja,3 Sundmacher and Kienle,4 and Sund-
macher et al.5). Depending on the separation principle, differ-
ent types of reaction separation processes can be distinguished.
Typical examples are reactive distillation processes, which

combine chemical reaction with distillation, chromatographic
reactors, which combine chemical reaction with chromato-
graphic separation, or membrane reactors, which combine
chemical reaction with selective mass transfer across a mem-
brane. In all cases conversion of equilibrium limited chemical
reactions can be increased by selective removal of reaction
products from the reaction zone. This kind of application can
be viewed as a separation enhanced reaction.

A second class of combined reaction separation processes,
which frequently occurs in practice, are separation processes
with potentially reactive mixtures. In this case chemical reac-
tion can be either an unwanted side effect or it can be directly
used to achieve a certain separation which is not possible under
nonreactive conditions (see, for example, Gaikar and Sharma6).
The latter represents a reaction enhanced separation.
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In all cases a fundamental understanding of the dynamic
behavior of these processes is lacking to a large extent. This,
however, is a necessary prerequisite for optimal operation and
optimal control. Most research in that direction during the last
years has focused on reactive distillation due to the industrial
importance reactive distillation processes have gained within
short time. A review on the present state of the art of dynamics
and control of reactive distillation processes was given recently
by Kienle and Marquardt.7 They concluded that even in reac-
tive distillation most investigations have focused on specific
processes and only little general results and concepts are avail-
able. Even less is known about most of the other reaction
separation concepts mentioned earlier. Furthermore, only little
comparative studies between different integrated concepts like
reactive distillation and chromatographic reactors are available,
although these processes are very similar, at least on the
conceptual level.

To close this gap, we recently suggested a new theoretical
approach.1 This approach extends classical equilibrium theory
for nonreactive separation processes (see, for example, Helffer-
ich and Klein8 and Rhee et al.9,10) to combined reaction sepa-
ration processes with fast chemical reactions. The new ap-
proach makes use of transformed concentration variables,
which were first introduced by Doherty and co-workers for the
steady-state design of reactive distillation processes.2 It was
shown that these transformed variables can be directly gener-
alized to the dynamic problem1 and, therefore, also provide
useful insight into the dynamic behavior of these processes,
which is governed by propagating concentration and tempera-
ture fronts. Furthermore, the approach was also extended to
other reaction separation processes like fixed and moving-bed
chromatographic reactors. For a proof of concept the theory
was applied to some ideal ternary reaction systems with a
single reversible reaction of type 2 A º B � C. In a fully
reactive distillation column total conversion is only possible if
the reactant has intermediate volatility. In all other cases, the
achievable product concentration is limited by reactive azeot-
ropy. Completely analogous behavior was found with the new
approach for moving and fixed-bed chromatographic reactors.
In this article, this approach is further extended and applied to
some real—fairly complex—multireaction systems. For that
purpose an extension to multireaction systems is given follow-
ing the ideas of Ung and Doherty.11 It is shown that the
transformed equilibrium function governs the dynamics of
combined reaction separation processes. Furthermore, a gen-
eral procedure for calculating the transformed equilibrium
function and it’s derivatives is presented. Practical applications
to be considered are a reactive enantiomeric separation process
in fixed-bed chromatographic reactor and an industrial reactive
distillation column. Finally, also application to membrane re-
actors is discussed.

Chromatographic Processes
Theoretical background

For an isothermal moving bed adsorber with constant flow
rate and negligible axial dispersion the equilibrium model with
chemical reaction reads1

�

�t
��q�c� � c� �

�

�z
��q�c� � c� � �r̃

q, c � RNs, r̃ � RNr (1)

where c and q are the concentrations of the solid and the fluid
phase, which are related by the adsorption isotherms. � and �
are the volume ratio and the volumetric flow rate ratio of the
solid and the fluid phase. Especially, fixed-bed adsorbers are
included in this general setting for � � 0. The axial coordinate
z points in the direction of the solid flow. Ns is the number of
solutes and Nr is the number of chemical reactions which can
take place in the solid and/or the liquid phase. Hence, � is an
Ns � Nr matrix of stoichiometric coefficients and r̃ is a vector
of Nr independent reaction rates. This implies that the matrix of
stoichiometric coefficients � has rank Nr and, therefore, con-
tains an Nr � Nr invertible submatrix, which is important for
what follows.

Remark: If matrix � has rank N � Nr, not all reaction rates
are independent. Hence, we may introduce N new independent
reaction rates, which are linear combinations of the old reaction
rates. An example was given recently by Aiouache and Goto12

for the synthesis of tert amyl ethyl ether.

Nonreactive chromatography

In the nonreactive case, r̃ � 0 and Eq. 1 reduces to a set of
homogeneous quasilinear partial differential equations of first
order according to

�

�t
��q�c� � c� �

�

�z
��q�c� � c� � 0 (2)

For this type of problem a comprehensive mathematical
theory with application to fixed-bed and moving-bed chromato-
graphic processes was given by Rhee et al.9,10 Equivalent
results were obtained with a different approach, based on
physical insight by Hellferich and Klein.8 A nice review of the
latter approach was given more recently in a series of arti-
cles.13–15

According to the theory, solutions of Eq. 2 depend on the
adsorption isotherm q(c), which is the dominating nonlinearity
in the system, and the operating conditions, which are related
to the boundary and initial conditions of Eq. 2 and the flow rate
ratio �. Let us briefly summarize some of the main results, we
shall need in the remainder. Emphasis in the books and papers
cited earlier is on Langmuir systems, that is, systems whose
sorption equilibrium can be described by the competitive Lang-
muir isotherm

qi �
aici

1 � ¥k�1
Ns bkck

, i � 1, . . . Ns (3)

For simplicity, consider first a fixed-bed chromatographic
column. For Langmuir systems, any concentration step change
introduced at the entrance of an initially unloaded chromato-
graphic column will be resolved in a sequence of at most Ns

shock waves si as illustrated in the upper right diagram of
Figure 1 for a two solute system. A reverse step change is
introduced, when a totally loaded column is purged with pure
solvent. This reverse step change is resolved in at most Ns
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dispersive or spreading waves ri as illustrated in the bottom
right diagram of Figure 1.

These solutions are easily constructed in the concentration
phase space or the so-called hodograph space. Both types of
wave solution represent Ns time-invariant curves in the hodo-
graph space. For Langmuir systems shock and spreading wave
curves are straight lines in the hodograph space and, therefore,
coincide. They do not depend on the operating conditions.
They are given by the right eigenvectors rk of the Jacobian
matrix �q/�c, which comprises the partial derivatives of the
adsorption isotherms with respect to the fluid-phase concentra-
tions

�q
�c

rk � �krk, k � 1, . . . Ns (4)

The initial condition and the boundary condition of a step
change represent points in this hodograph space. Any wave
solution can be constructed from the pathgrid of the eigenvec-
tors by connecting the initial point with the boundary point as
illustrated on the left of Figure 1. The construction is done in
the following way: We start at the point, which represents the
boundary condition, and follow the path belonging to the
smaller eigenvalue of Eq. 4. The paths belonging to the smaller
eigenvalues are indicated by the dotted lines. Afterwards, we
switch to the solid line running through the point, which
represents the initial condition. The solid lines represent the
paths belonging to the larger eigenvalue of Eq. 4. If we follow
the path in the direction of the arrows, the corresponding wave
solution is a spreading wave and a shock wave, otherwise.

Any pulse injection to an unloaded bed can be interpreted as
a sequence of the two-step changes discussed earlier. This
situation is illustrated in Figure 2 and gives rise to Ns shock
waves in the front, and Ns spreading waves in the rear. Ac-
cording to the rules of elementary wave interactions these are
finally resolved into Ns pure component pulses with a shock in
front and a spreading wave in the rear.10

Additional complexity will rise for systems with more com-
plicated sorption isotherms, involving inflection points and

adsorptivity reversal (azeotropy). For these type of mixtures
spreading waves and shock waves are usually represented by
curved lines in the hodograph space and will, therefore, not
coincide. Spreading waves follow from the eigenvectors of the
phase equilibrium, and do not depend on the operating condi-
tions. In contrast to this shock waves follow from the global
material balances across the shock and will, therefore, depend
on the operating conditions. However, as proposed by Helffer-
ich and Klein8 at least a qualitative picture of the overall
situation can be gained from the pathgrid of the eigenvectors.
The reason for that is that the shock wave curves, and the
eigenvectors are always tangent at the starting point. New
phenomena for non-Langmuirian systems are: the existence of
combined wave solutions for adsorption isotherms with inflec-
tion points and limitations on feasible product composition due
to adsorptivity reversal similar to azeotropic distillation. Ex-
amples for the latter were treated by Basmadijan et al.,16–18

among others.

Reactive chromatography

In the reactive case the nonhomogeneous Eq. 1 has to be
considered. For sufficiently fast chemical reactions, reaction
equilibrium can be assumed in addition to phase equilibrium.
The chemical equilibrium conditions represent Nr algebraic
constraints, which reduce the dynamic degrees of freedom of
the system to Ns � Nr.1 In the limit of reaction equilibrium the
kinetic rate expressions for the reaction rates become indeter-
minate and have to be eliminated from the balance Eq. 1.
Following the ideas of Ung and Doherty,11 this is achieved by
choosing Nr reference components and splitting the concentra-
tion vectors accordingly into two parts

c � �cI, cII	, q � �qI, qII	, cI, qI � RNr, cII, qII � RNs�Nr

(5)

An analogous splitting is introduced for the matrix of stoichioi-
metric coefficients

� � ��I, �II	 (6)

where �I has dimensions Nr � Nr and �II has dimensions
(Ns � Nr) � Nr. By solving the first Nr equations of Eq. 1 for

Figure 2. Wave solutions for Langmuir systems.
Two snapshots at different times after a pulse injection are
shown. At the left: shortly after injection. The front has
resolved into two shocks, while the back is just about to
resolve into two rarefaction waves. Further to the right: The
pulse has resolved into two separate pulses containing pure
components. Solid line—c1, dashed dotted line—c2.

Figure 1. Wave solutions for Langmuir systems.
Step changes of the concentration in the inlet. Top right:
concentration profiles for the loading of an initially empty
bed. Bottom right: purge of a completely loaded bed with pure
solvent. Solid line—c1, dashed dotted line—c2. Left: Corre-
sponding wave solutions in the hodograph space.

1012 AIChE JournalMarch 2006 Vol. 52, No. 3



the unknown reaction rates and substituting them into the
remaining Ns � Nr equations, the following reduced set of
equations is obtained

�

�t
��Q � C� �

�

�z
��Q � C� � 0 (7)

with transformed concentration variables according to

C � cII � �II��I��1cI, Q � qII � �II�� I��1qI, C, Q � RNs�Nr

(8)

Equation 7 is completely analogous to the nonreactive prob-
lem Eq. 2. Hence, in the limit of reaction equilibrium the
reactive problem is completely equivalent to a nonreactive
problem in a reduced set of transformed concentration vari-
ables. Obviously, solutions of Eq. 7 will now depend on the
properties of the transformed equilibrium function Q, which
includes information about the phase and the reaction equilib-
rium. In analogy to the nonreactive case Eq. 2, the transformed
equilibrium function Q has to be interpreted as a function of the
transformed fluid phase concentration C, that is, Q(C). How-
ever, only in special cases this function can be calculated
explicitly.1 Nevertheless, this function, its eigenvectors and
eigenvalues are easily calculated numerically with some suit-
able DAE-solver. The outline of a fairly general procedure is
given in Appendix A. It applies to any number of components,
any number of reactions, and arbitrary phase and reaction
equilibrium relations. With this, an analogous pathgrid of eig-
envectors can be generated, and all sorts of solutions are
readily constructed by a simple graphical procedure like in the
nonreactive case in Figure 1. We shall illustrate the procedure
in the remainder with a fairly complex application example.

Application to the Separation of Binaphthol
Enantiomers

In the following, we consider the separation of enantiomers
through achiral chromatography. Enantiomers are isomers
which behave like image and mirror image. They play an
important role in pharmaceutical industry. Usually they are
separated with special chiral stationary phases, which have a
high specific selectivity for one of the enantiomers. However,
in some cases a separation effect can also be observed if an
achiral stationary phase is used, which has no specific selec-
tivity for one of the enantiomers. At first glance this is rather
surprising, but can be explained with the presence of some
chemical reactions taking place.

This problem was studied by Baiocchi et al.19 among others,
for binaphthol enantiomers. In particular, they made the fol-
lowing experimental observations. When a pulse with racemic
composition of the enantiomers (that is, a mixture with equal
amount of both enantiomers) was injected to the column, no
separation occurred. In contrast to this, in all cases where a
nonracemic mixture was injected, the pulse split into a first
fraction with pure excess enantiomers and into a second frac-
tion with almost racemic composition. This separation effect
can be explained with the presence of some dimerization re-
actions. According to Baciocchi et al.,19 we shall denote the

enantiomers with S and R. The enantiomers can build three
different dimers according to

R � R º RR (9)

S � S º SS (10)

R � S º RS (11)

Dimers RR and SS are called homochiral dimers, whereas
the mixed dimer RS is called a heterochiral dimer. A fraction
of pure enantiomer is always a mixture of the monomer and the
corresponding homochiral dimer, but does not contain any
heterochiral dimer. It was shown, that the separation of the
excess enantiomer of a nonracemic feed mixture is the combi-
nation of two effects,20 the difference in reaction equilibrium
constants of the homo- and heterochiral dimerization reaction,
and the difference in the adsorptivity of the homo- and hetero-
chiral dimers.

The earlier experimental observations were reproduced by
Baciocchi et al.19 with numerical simulation. Their model was
based on the following assumptions:

(1) Phase equilibrium was assumed between the solid and
the fluid phase, and modeled with competitive Bi-Langmuir
adsorption isotherm. With the notation introduced in this arti-
cle, the adsorption isotherm reads to

qi �
hici

G
�

aici

B
, i � R, S, RR, SS, RS (12)

with

G � 1 � g1�cR � cS� � g2�cRR � cSS� � g3cRS

B � 1 � b1�cR � cS� � b2�cRR � cSS� � b3cRS

Equal selectivity was assumed between all monomers and
homochiral dimers, and a large difference in selectivity be-
tween homo- and heterochiral dimers.

(2) Furthermore, it was assumed that the dimerization reac-
tions take only place in the liquid phase. The reactions are
rather fast and, therefore, reaction equilibrium was assumed.
Like Baciocchi et al.19 the following relation between the
equilibrium constants of the homo- and the heterochiral dimer-
ization was applied in this study

Khetero � 2Khomo (13)

This constraint was relaxed in a more recent article by
Baciocchi et al.21 It is worth noting, that an extension of the
subsequent analysis to this more general case is straight for-
ward, but beyond the scope of this article.

With simultaneous phase and reaction equilibrium the sys-
tem has only two dynamic degrees of freedom (5 solutes–3
chemical equilibria). If the dimers are taken as reference com-
ponents the following definition of the transformed concentra-
tion variables is found from Eq. 8

CR � cR � 2cRR � cRS, CS � cS � 2cSS � cRS (14)
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QR � qR � 2qRR � qRS, QS � qS � 2qSS � qRS (15)

It should be noted, that this is consistent with the model
formulation of Baciocchi et al.19 However, their focus was on
simulation,19 that is, numerical solution of the underlying par-
tial differential equations for given boundary and initial con-
ditions. In contrast to this, we will use the equilibrium theory
developed above to predict solutions for any piecewise con-
stant initial and boundary conditions at a single glance. More-
over, this will provide some deeper insight into the problem
and uncover additional interesting features of the asymptotic
pulse responses.

The construction of wave solutions is based on the path-
grid of the eigenvectors of the combined phase and reaction
equilibrium in the hodograph space. The pathgrid was cal-
culated with the methods described in Appendix A. The
pathgrid in terms of transformed concentration variables CS

and CR according to Eq. 14 is shown in Figure 3. In this
representation the x-axis represents pure R enantiomer con-
sisting of the corresponding monomers and dimers and the
y-axis represents pure S enantiomer. Racemic compositions
lie on the bisection line. The topology of the pathgrid in
Figure 3 shows some remarkable differences to the pathgrid
of the nonreactive Langmuir system that was shown in
Figure 1. In particular, all solid lines corresponding to the
fast waves for the larger eigenvalue intersect at the origin.
There, the characteristic velocities of the fast and slow
waves coincide. Such a singularity is called an umbilic point
in the mathematical literature,22 and a watershed point in the
chromatographic literature.8 Furthermore, the pathgrid is
symmetric with respect to the bisection line CS � CR. This is
obvious from the physical point of view because both en-
antiomers behave the same. The slow wave curves for the
smaller eigenvalue are parallel, and change their orientation
at the bisection line.

For a nonracemic feed, the wave solution for the loading of
initially unloaded bed will always consist of two shocks. The
first fraction contains the enantiomeric excess, which is thereby
separated from the rest. This situation is illustrated in the
second row of Figure 4a and 4c, which are symmetric due to
the symmetry of the pathgrid in Figure 3. Therein, the origin
represents the initial condition. For a racemic feed mixture, any
feed concentration lies on the bisection line and can be con-
nected to the origin by a single shock and, therefore, no
separation is possible as illustrated in the second row of Figure
4b. Furthermore, the solid and dashed curves coincide.

A different situation occurs if purging of an initially loaded
bed with pure solvent is considered as illustrated in the third
row of Figure 4. Here, no difference between racemic and
nonracemic initial conditions exist. The origin represents the
pure solvent purge, which can be connected with any initial
condition by a single wave curve. Consequently, any wave
solution of this kind will consist of a single spreading wave
moving jointly for both enantiomers and, therefore, no separa-
tion occurs. For any racemic composition the composition
profiles of both components will coincide. It should be noted
that the funny shape of the spreading waves in Figure 4 is the
consequence of a strong variation of the characteristic velocity
in the lower left part of the wave, and a weak variation in the
upper right part of the wave.

Like in the nonreactive case, a pulse injection of the feed
can be viewed as the combination of a positive and a
negative step change of the feed concentration. The positive
step change corresponds to the scenario shown in the second
row of Figure 4, and the negative step change corresponds to
the scenario in the third row of Figure 4. After some wave
interactions the final pulse patterns as illustrated in Figure 5
are obtained. These pulse patterns have some special fea-
tures, which are clearly different from the nonreactive case
illustrated in Figure 2. For a racemic mixture the pattern
consists of a single pulse, which has the same velocity and
shape for both components. For a nonracemic mixture, the
solution consist of a first fraction with pure excess enantio-
mer and a second fraction, containing both enantiomers. In
contrast to the nonreactive case in Figure 2, both fractions
stick together and will never separate as shown in Figure 5a
and 5c. This is consistent with the observations of Baciocchi
et al.19 and comes from the special topology of the pathgrid
in Figure 3. Due to the intersection of all solid lines at the
origin, pulse patterns through the origin include only three
waves as further illustrated by the triangles in the left
diagram of Figure 6. However, as shown before in Figure 2,
any isolated pulse is formed by at least two waves. So, the
formation of two isolated pulses requires a minimum num-
ber of four waves, which is therefore not possible in the
present case. Furthermore, due to the symmetry of the
pathgrid, the solutions in Figure 5a and 5c, are again per-
fectly symmetric.

The influence of the feed composition is illustrated in Figure
6. The front pulse with pure excess enantiomer is getting
narrower as the feed composition is approaching the bisection
line—corresponding to a racemic composition—and finally
disappears for a racemic feed mixture.

So far, focus was on separation of a nonracemic mixture
with an initially unloaded column. Another option which can
be studied is the separation of a racemic mixture with a column

Figure 3. Pathgrid of the eigenvectors in the hodograph
space of the transformed concentration vari-
ables for the binaphthol system.
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that is preloaded with one of the enantiomers. This situation is
illustrated in Figure 7 for different preloadings. In contrast to
Figure 6, the initial pulse pattern in the hodograph space now
consists of a quadrangle compared to the triangles in Figure 6.
This implies that the wave solution now consists of four instead
of three waves as in Figure 6. Consequently, in contrast to
Figure 6, the final pulse pattern will now consist of two pulses,
which will be separated if the column is long enough. Similar
like in Figure 6, the front pulse with pure excess enantiomer is
getting smaller and smaller and will finally disappear as the
preloading of the bed tends to zero.

Although the practical relevance of this last example is low,
it nicely illustrates how the methods introduced in this article
can be used to develop and discuss alternative modes of oper-
ation quite rapidly.

Distillation Processes
Theoretical background

For a single section of a distillation column with constant
molar flow rates and holdups, constant pressure and negligible
axial dispersion the equilibrium model with chemical reaction
reads1

�

�t
�	y�x� � x� �

�

�z �1

A
y�x� � x� � �r

y, x � RNc�1, r � RNr (16)

Here, the axial coordinate z points in the direction of the
vapor flow. It is worth noting that this model formulation is

Figure 4. Wave solutions for the binaphthol system in transformed concentration variables.
Step changes of the concentration in the inlet. Top row: wave solutions in the hodograph space. Center row: concentration profiles for the
loading of an initially empty bed. Bottom row: purge of a completely loaded bed with pure solvent. Solid line—CR, dashed line—CS. (a)
nonracemic feed with an excess of the S enantiomer, (b) racemic feed, and (c) nonracemic feed with an excess of the R enantiomer.
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completely analogous to the moving-bed adsorber (Eq. 1). In
this formulation, x and y are the mole fractions of the liquid
and the vapor phase, which are related by the vapor liquid
equilibrium. 	 and A are the ratios of the molar holdups and the
convective molar flow rates in both phases. Nc is the number of
components. Because the mole fractions x and y have to satisfy
corresponding summation conditions, only Nc � 1 material
balances are taken into account. Again, Nr is the number of

independent chemical reactions. In reactive distillation, chem-
ical reactions will mainly take place in the liquid phase. How-
ever, side reactions in the vapor phase can also occur.

Nonreactive distillation

In the nonreactive case, Eq. 16 reduce to a homogeneous
problem again

�

�t
�	y�x� � x� �

�

�z �1

A
y(x) � x� � 0 (17)

Solutions for this type of problem will now consist of at most
Nc � 1 waves in each column section, if the Jacobian of the
equilibrium function has a full set of independent eigenvalues
and eigenvectors.23 This is always satisfied for ideal and mod-
erately nonideal mixtures. For highly nonideal mixtures mul-
tiple eigenvalues may arise and more than Nc � 1 waves are
possible.23,24 At steady state, at most one of these wave fronts
is located in the middle of the column section, while the others
are located at the system boundaries where they can overlap for
mixtures with more than three components. After some distur-
bance, the waves may travel through the column depending on
the sign and size of the disturbance until they settle down to a
new steady state. An illustration was given by Kienle.25 For
ideal mixtures all waves are of the constant pattern wave type,
whereas for nonideal mixtures combined wave solutions are
also possible.

Construction of wave solutions for binary mixtures in the

Figure 5. Pulse responses in a fixed bed chromato-
graphic reactor for the different cases in Fig-
ure 4.
Transformed concentration variables: Solid line—CR, dashed
line—CS.

Figure 6. Influence of feed composition on the pulse response of an initially unloaded bed.
Left diagram: Wave solutions in the hodograph space of the transformed concentration variables. Right diagram: Chromatograms of the
transformed concentration. Solid line—CR, dashed line—CS.

Figure 7. Influence of preloading on the pulse of a race-
mic feed.
Left: Wave solutions in the hodograph space of the trans-
formed concentration variables. Right: Chromatograms of the
transformed concentration. Solid line—CR, dashed line—CS.
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McCabe–Thiele diagram was discussed by Grüner and Kienle.1

In the multicomponent case we may proceed similar to the
previous section. This is illustrated in Figure 8 for an ideal
ternary mixture with constant relative volatilities. Like in the
case of Langmuir isotherms shock and spreading wave curves
in the hodograph space are straight lines and coincide. In a
retifying section the boundary condition at the top is repre-
sented by the pure lightest boiling component, which is the
component 1 in Figure 8a. The lower boundary condition is
given by the liquid concentration which is in equilibrium with
the given vapor feed. The wave solution consists of two shocks,
connecting the two boundary conditions according to the rules
discussed in the previous section. The intermediate plateau
represents a binary mixture of light and intermediate boiling
component. In general the solution consists of at most Nc � 2
intermediate plateaus, where the components successively van-
ish in the order of increasing volatility.23 The reverse behavior
can be found in a stripping column illustrated in Figure 8b.
Here, the concentration of the liquid feed represents the bound-
ary condition at the top, and the pure heaviest boiling compo-
nent represents the boundary condition at the bottom. Again,
the solution will contain at most Nc � 2 intermediate plateaus,
where the components vanish in the order of decreasing vola-
tility from the top to the bottom.

For nonideal mixtures constant pattern wave and spreading

wave curves in the hodograph space are no longer straight lines
and are, therefore, different. However, as argued in the previ-
ous section, the pathgrid of the eigenvectors may also serve as
an approximate solution for shock waves. For azeotropic mix-
tures, the “lightest boiling component” is the corresponding
unstable node of the residue curve map,26 whereas the “heavi-
est boiling component” is represented by the corresponding
stable node of the residue curve map.

Reactive distillation

In the reactive case, we proceed completely analogous to
section. Again, reaction equilibrium is assumed for fast chem-
ical reactions. Upon elimination of the unknown reaction rates
the following reduced set of equations in transformed concen-
tration variables is obtained

�

�t
�	Y � X� �

�

�z �1

A
Y � X� � 0 (18)

with transformed concentration variables according to

X � xII � �II��I��1xI, Y � yII � �II��I��1yI, X, Y � RNc�1�Nr

(19)

Again, Eq. 18 is equivalent to a nonreactive problem in a
reduced set of transformed concentration variables. In analogy
to the nonreactive case (Eq. 17) solutions of Eq. 18 will depend
on the properties of the transformed equilibrium function Y(X),
and its eigenvalues and eigenvectors. These can be calculated
with the methods discussed in Appendix A. In the remainder
application is illustrated for a fairly complex industrial reactive
distillation process.

Remark 1: In the case of equimolar reactions the above
definition of the transformed concentration variables is com-
pletely equivalent to the definition of Ung and Doherty,11 who
treated the corresponding steady state problem. However, it is
worth noting, that the general definition for nonequimolar
reaction rates as given by Ung and Doherty11 for the steady
state case is not readily extended to the dynamic problem
considered here.*

Remark 2: In reactive distillation a nonequimolar reaction
necessarily implies a variable molar flow rate of the corre-
sponding phase. In reactive chromatography, this effect can
often be neglected due to the presence of a solvent. In some
cases the amount of reacting species is small compared to the
amount of solvent. A typical example is the binaphthol sepa-
ration process discussed earlier. In other cases the solvent is
one of the reactants, which also comes in large excess. Typical
examples are the ester hydrolysis systems considered by Mai et
al.27 In both cases the bulk flow rates are only little affected by
a nonequimolar reaction.

Application to an Industrial Reactive Distillation
Process

Consider the reactive distillation column illustrated in Figure
9. In this column a mixture of two reactants B and C is

* For a discussion of this fact the reader is also referred to the conclusion section.

Figure 8. Wave solutions in the hodograph space for
ideal ternary distillation with constant relative
volatilities: (a) rectifying column, and (b) strip-
ping column.
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converted in two successive reversible equimolar reactions to
products A and E. The light boiling product A is obtained at the
top of the column and the heavy boiling product E is obtained
in the bottom of the column. The reaction mixture contains a
total number of five components. The (nonreactive) phase
equilibrium of the system is highly nonideal including 4 binary
azeotropes with a temperature minimum, and 1 binary azeo-
tropes with a temperature maximum. Furthermore, it was found
that the column is operated close to chemical equilibrium.

As already reported by Grüner and Kienle,1 this column
shows distinct wave propagation characteristics, which will be
analyzed in some more detail in this section with the methods
introduced earlier.

Assuming that both chemical reactions are in equilibrium the
number of dynamic degrees of freedom of the system Nc �
1 � Nr is equal to two. If, for example, the two reactants B and
C are chosen as reference components to eliminate the un-
known reaction rates the following definition of the two trans-
formed concentration variables is obtained

X1 � xA � xB, X2 � xE � xC � xB (20)

Y1 � yA � yB, Y2 � yE � yC � yB (21)

The corresponding concentration phase space is a trapezoid.
This is similar to the xylene reactive separation problem treated
by Ung and Doherty.11 The reactive residue curve map of the
present system is illustrated in Figure 10. In this representation
the origin and the four corners represent the pure components.
The nonreactive pairs A/B and C/D show nonreactive azeotro-
pes. The other nonreactive azeotropes mentioned earlier occur
for potentially reactive mixtures and do not survive in the
reactive system. However, due to the chemical reaction a new
binary reactive azeotrope arises on the A/E edge, and a new

ternary reactive saddle azeotrope close to this. This complex
geometry gives rise to five distillation regions (I3 V in Figure
10), which differ with respect to the starting or the end point of
the trajectories, that is, the possible top and bottom products in
a fully reactive distillation column of infinite length with infi-
nite reflux. In this case, the column is operated in region II of
Figure 10. At steady state, the top product is close to the
nonreactive A/B azeotrope, whereas the bottom product lies on
the B/E edge.

The corresponding pathgrid of the eigenvectors of the trans-
formed equilibrium function is illustrated in Figure 11. It was
calculated numerically with the methods presented in Appen-
dix A. The arrows along the wave curves point in the direction
of increasing characteristic velocity. It is shown in Figure 11
that the gradient of the characteristic velocity along the curves
may change quite often it’s sign, in particular along the solid
lines close to the upper right corner. In addition to the wave
curves the distillation boundaries from Figure 10 are also
indicated in Figure 11. Hence, Figure 11 can be used to
construct any wave solution for any piecewise constant initial
and boundary conditions. This is illustrated in Figure 11 for a
pure stripping column. The liquid feed at the upper end of the
stripping column is the nominal feed of the column in Figure 9.
The wave solution consists of a first piece connecting the feed
with the E/B edge and a second piece connecting the point of
intersection with the E/B edge with the E/B azeotrope, which
represents the stable node in this distillation region. Along the
first piece the gradient of the characteristic velocity is changing

Figure 10. Reactive residue curve map corresponding to
Figure 9.
Solid circles—saddle points, diamond—unstable node,
cross—stable node.

Figure 9. Industrial reactive distillation column.
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twice indicating that the corresponding wave is a combined
wave which consists of two shocks which are connected by a
spreading wave. Instead, the second piece represents a single
shock wave. These predictions are confirmed by dynamic sim-
ulation in Figure 12. Figure 12 shows the column profiles of the
transformed concentration variables X1 and X2 as the column
approaches steady state from a constant initial concentration
profile with composition of the A/B azeotrope.

Membrane Processes

In the following section possible extensions of the concepts
to membrane reactors will be discussed. In contrast to the
previous examples the assumption of phase equilibrium is no
longer acceptable for membrane reactors and has to be relaxed.
The treatment to be discussed subsequently follows closely the
concepts, which were recently proposed by Huang et al.28 for
reactive membrane pervaporation processes. There, the time
dependent behavior of a well-mixed open reactive pervapora-
tion process was studied. The process is described by a set of
ordinary differential equations, which can also be used to
describe the steady state behavior of a spatially distributed
parameter membrane reactor. Here, the concepts are extended
to the dynamics of spatially distributed membrane reactors,
which are described by systems of partial differential equa-
tions.

Two main operation schemes of membrane reactors can
be distinguished:29 selective product removal Figure 13a and

distributed injection of reactants Figure 13b. In the first
case, the membrane is used to increase the conversion of an
equilibrium limited reaction by separating the reaction prod-
ucts. This requires the membrane to be selectively perme-
able for one of the products. It is applicable, for example, to
dehydrogenations. In the second case, the concentration of
one of the reactants is controlled by feeding it across the
membrane. This may increase the yield and selectivity of an
intermediate product of consecutive reactions like selective
oxidations. In this section, focus is on the first case, that is,
product extraction. Transformed variables are used to ana-
lyze the limiting case of reaction equilibrium, corresponding

Figure 11. Pathgrid of the eigenvectors in the hodo-
graph space of the transformed concentra-
tion variables for the reactive distillation sys-
tem illustrated in Figure 9.

Figure 12. Dynamic transient behavior of the trans-
formed concentration variables for the strip-
ping section of the reactive distillation sys-
tem illustrated in Figure 9.

Figure 13. Two different operation principles of mem-
brane reactors: (a) selective withdrawal of
products, and (b) distributed injection of re-
actants.
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to an infinitely fast reaction. The second case will be treated
elsewhere.

Theoretical Background

Consider a membrane reactor as illustrated in Figure 13a
consisting of an inner tube with a supply of reactants, and an
outer tube with sweep gas supply. In the following, it is
assumed that the sweep gas flow is very high, so that all
material which is transported across the membrane is readily
removed and thus the concentration of all reacting species in
the sweep gas channel is equal to zero. Furthermore, the
following assumptions are made

● isothermal operation
● negligible axial dispersion
● constant pressure
● equimolar reactions
The last assumption is in line with the previous treatment of

reactive distillation processes and chromatographic reactors. It
simplifies the mathematics a lot and, therefore, helps to focus
more on the physical interpretation of the results.

With the earlier assumptions the model equations follow
from the material balances of Nc � 1 independent species on
the reaction side. In dimensionless form the model equations
read

�x
�t

�
��vx�

�z
� �j�x� � �r�x�, (22)

�v
� z

� �jtot, (23)

with

jtot � �
i�1

Nc

ji, x � RNc�1, j � RNc, r � RNr

with dimensionless spatial and time coordinates z, t defined by

z �
z�

l
, t �

t�v0

l
(24)

and the dimensionless velocity

v �
v�
v0

(25)

Here, the axial coordinate z points in the direction of the
fluid flow. It is worth noting, that we have only Nc � 1
independent species but Nc independent fluxes across the phase
boundary, that is, we can specify Nc component fluxes ji or
Nc � 1 component fluxes, and the total flow rate jtot instead.
In the remainder, the first approach will be used.

In view of the total material balance (Eq. 23) the component
material balances (Eq. 22) can be simplified to

�x
�t

� v
�x
�z

� �j�x� � xjtot � �r�x� (26)

Main differences to reactive distillation processes and chro-
matographic reactors treated above are (1) the variable flow
rate in the inner tube, which is a consequence of the nonneg-
ligible amount of material transported across the membrane
into the outer tube, and (2) the finite mass transfer resistance of
the membrane, which can not be neglected in contrast to the
other processes considered earlier.

Nonreactive Membrane Separation

In the nonreactive case the reaction rate r is equal to zero and
the model equations read

�x
�t

� v
�x
�z

� �j�x� � xjtot (27)

�v
� z

� �jtot (28)

Due to the finite mass transport kinetics across the membrane
this is even in the nonreactive case a system of nonhomoge-
neous quasilinear partial differential equations, whose proper-
ties will crucially depend on the flux function j(x). For sim-
plicity, we will focus on a simple diagonal flux function
according to

ji � �ixi, i � 1, . . . Nc (29)

A discussion of more complicated cases was given for example
by Krishna and Wesselingh.30

Let us illustrate the behavior of the nonreactive membrane
separation system with a simple example. Consider a binary
mixture with components A, B. Let us assume that the mem-
brane has highest permeability for component A and let us first
focus on the steady-state behavior of such a process. Let Eq. 27
be the material balance of component A. According to Eq. 27
the slope of the steady state profile depends on the relative flux
ratio jA/jtot, and it’s dependence on the concentration xA. If
jA/jtot is larger than xA, then the concentration is decreasing and
vice versa. Hence, the qualitative behavior is easily extracted
from a diagram of the flux ratio jA/jtot vs. concentration xA as
illustrated on the right side of Figure 14. This diagram is the
analogon to the well-known McCabe–Thiele diagram for dis-
tillation processes and nicely illustrates the influence of mass-
transfer resistance.31 For the simple relation in Eq. 29 we find

ji

jtot
�

�ixi

¥k�1
Nc �kxk

, i � 1, . . . Nc � 1 (30)

which is equivalent to the vapor liquid equilibrium for mixtures
with constant relative volatilities. Since the membrane has
highest permeability for component A the flux ratio jA/jtot is
always larger than xA. Therefore, the concentration of A is
monotonically decreasing in the inner membrane tube, and will
tend to zero for an infinitely long tube. In a similar way the
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flow rate in the inner tube is decreased monotonically and tends
to zero. For a tube of finite length a finite flow rate and a finite
concentration between is obtained.

The dynamic transient behavior during startup is illustrated
on the left side of Figure 14. Like in reactive distillation and
reactive chromatography, the transient behavior is governed by
traveling fronts. In this case, these waves can only propagate
downstream.

Furthermore, since the velocity in the inner tube is decreas-
ing continuously from the inlet to the outlet by material trans-
port across the membrane, concentration values closer to the
inlet will move with higher velocity than concentration values
closer to the outlet. Consequently, all waves are self sharpening
in Figure 14.

Alternatively, also inlet concentration disturbances of the
steady state profile could be considered. Due to the inhomo-
geneity in Eq. 27 the concentration waves will travel down-
stream on the nonconstant initial profile as the system under-
goes a transient from the old to a new monotonically
decreasing steady state.

The same type of dynamics can be observed in the multi-
component case. In contrast to distillation and chromatographic
processes treated in the previous section, any step disturbance
will be resolved into a single front traveling jointly for all
components. This is due to the fact that all balance equations
share the same transport velocity v.

Membrane Reactors

In the reactive case, the full blown Eq. 26 together with the
total material balance (Eq. 23) has to be considered. For fast
chemical reactions, again, reaction equilibrium can be assumed
and the corresponding model equations are again obtained by
elimination of the unknown reaction rates from the material
balances (Eq. 26).

The reduced set of equations is obtained in the following
form

�X
�t

� v
�X
�z

� �J�x� � XJtot (31)

�v
� z

� �Jtot (32)

with transformed concentration and flux variables according to

X � xII � �II��I��1xI, J � jII � �̃II��I��1jI

X � RNc�1�Nr, J � RNc�Nr (33)

It is worth noting, that like in the nonreactive case, the
dimension of the flux vector exceeds the dimension of the
concentration vector by one. Consequently, the dimension of jII

exceeds the dimension of xII by one, and matrix �̃II consists of
matrix �II with an additional row for component Nc. In contrast
to this, the dimension of vectors xI and jI is the same, and is
equal to the number of independent reactions.

In Eq. 32 the relation Jtot � jtot is used. This follows from
the definition of Jtot

Jtot � �
i�1

Nc�Nr

Ji � �
i�1

Nc�Nr �ji � �
j�1

Nr

�̃i
II(�I)j

�1jj� (34)

and the constant total mole number for each reaction according
to

�
i�1

Nc�Nr

�̃i
II � ��

i�1

Nr

�i
I (35)

Figure 14. Nonreactive membrane separation.
Parameters: �A � 2; �B � 0.2. (a) Flux rate ratio of A through membrane vs. xA, (b) response to an input ramp of xA,in as shown in Figure
15. Thin lines � transient solutions at t � 0.2, 0.4, . . . , 1.2, bold lines � steady state solution.
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respectively. The quantities �̃i
II, �i

I represent the i-th row vector
of the corresponding matrix and (�I)j

�1 represents the j-th
column vector of the corresponding inverse matrix. Hence

�
i�1

Nc�Nr

ji � �
j�1

Nr

�̃i
II��I�j

�1jj � �
i�1

Nc�Nr

ji � �
j�1

Nr

jj � �
i�1

Nc

ji � jtot

(36)

Like in reactive distillation and reactive chromatography, the
reactive problem in transformed concentration variables (Eq.
31), (Eq. 32) is completely analogous to the corresponding
nonreactive problem (Eq. 27), (Eq. 28), and we can proceed in
a similar way like in the previous section to investigate the
qualitative behavior.

In a first step we will focus on a single reversible reaction of
type 2 A º B � C. The treatment for the corresponding
problems in reactive distillation and reactive chromatography
was given by Grüner and Kienle.1 In particular, it was shown
that total conversion in an infinitely long column is only
possible if reactant A has intermediate affinity to the vapor or
the solid phase, respectively. In the other cases, achievable
product compositions are limited by reactive azeotropy. Con-
ditions for total conversion in a membrane reactor, however,
are more restrictive. In this case total conversion of reactant A
is only possible, if the membrane is not permeable at all for
reactant A, and at least one of the products is continuously
removed to shift the equilibrium to the product side. If, in
addition, the membrane has zero permeability for the other
product, simultaneous separation of the products is achieved.
This situation is illustrated in Figure 16 with the transformed
concentration and flux variables as introduced in Eq. 33.
Therein, component A is taken as the reference, which leads to
the following definitions

XB � xB �
xA

2
, XC � 1 � XB (37)

JB � jB �
jA

2
, JC � jC �

jA

2

Jtot � JA � JB � jA � jB � jC � jtot (38)

Furthermore, it is assumed in Figure 16 that the membrane is
only permeable for product B, but not for product C.

For the simple system considered here, the flux rate ratio
shown in Figure 16 can be calculated explicitly. It is equivalent
to a reactive vapor liquid equilibrium with zero volatility for
reactant A due to zero permeability of the membrane for this
component. In the transformed concentration variables a value
of XB of zero corresponds to pure product C, a value of 0.5 to
pure reactant A, and a value of 1 to pure product B. It should

Figure 15. Ramp shaped input of concentration xA,in

used for the startup scenarios in Figures 14,
16, 18.

Figure 16. Membrane reactor with a reaction 2A N B � C. Parameters: �A � �C � 0, �B � 1, K � 1.
(a) Transformed flux rate ratio vs. XB, (b) response to input ramp of XB,in or xA,in, respectively, as shown in Figure 15. Thin lines � transient
solutions at t � 0.3, 0.6, . . . , 3.3, bold lines � steady state solution.
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be noted that the diagram on the left of Figure 16 has the same
structural properties as the corresponding diagram of Figure
14, for the nonreactive binary case. In particular, the steady-
state profile of XB in the inner tube will monotonically decrease
and tend to XB � 0, which corresponds to pure product C in
the inner tube. The dynamic transient behavior during startup is
also analogous to the nonreactive case considered in Figure 14.

In practice, the membrane however often has finite perme-
ability for all components, which is considered next. In this
case the enhancement of the reaction through the membrane
will strongly depend on the order of permeability of the mem-
brane for the different components. In particular, three different
cases will be considered, where the membrane has highest,
intermediate or lowest permeability for reactant A. The perme-
ability for B is assumed to be higher than for C in all three
cases. Like in the previous case an explicit calculation of the
transformed flux rate ratio is possible. The results are shown in
Figure 17. These diagrams are exactly the same as the Mc-
Cabe–Thiele diagrams for the corresponding ternary reactive
distillation processes,1 which are equivalent to McCabe–Thiele
diagrams for binary nonreactive mixtures. The case with inter-
mediate permeability corresponds to the nonreactive vapor
liquid equilibrium of an ideal binary mixture, whereas the other
two cases correspond to the nonreactive vapor liquid equilib-
rium of azeotropic binary mixtures. According to the terminol-
ogy introduced by Huang et al.,28 these “azeotropic points” will
be called reactive arheotropes in the remainder. At these
points the change of concentration through reaction and
through mass transport across the membrane compensate each
other and lead to constant composition. The corresponding
profiles of the transformed concentration variables and the
velocity v are shown in Figure 17. In the first case, the reactive
arheotrope represents the maximum achievable composition
which can be obtained in the inner tube of an infinitely long
membrane reactor if the feed is pure reactant A. In the other
two cases pure product C can be obtained in the inner tube.
However, total conversion is of course not possible due to the
loss of reactant across the membrane, due to the finite perme-

ability for A. Again the qualitative dynamic behavior, which is
illustrated in Figure 17 for a startup scenario, is completely
analogous to the nonreactive case. In particular, in the first case
the self sharpening characteristic of the traveling concentration
fronts is very pronounced. Again, this comes from the decrease
of the transport velocity from the entrance to the outlet.

An extension to multireaction and multicomponent systems
with more than one independent variable is straight forward.
Feasible products will follow from the corresponding reactive
residue curve maps for membrane processes as introduced by
Huang et al.28 Propagation dynamics will follow from the
variable transport velocity v, which is the same for all compo-
nents. Step disturbances will therefore also in the reactive case

Figure 17. Membrane reactor with a reaction 2A N B � C.
Parameters: K � 1, (a) �A � 1, �B � 5, �C � 3, (b) �A � 3, �B � 5, �C � 1, (c) �A � 5, �B � 3, �C � 1.

Figure 18. Membrane reactor with a reaction 2A N B �
C, response to input ramp of XB,in or xA,in,
respectively, as shown in Figure 15.
Thin lines � transient solutions at t � 0.2, 0.4, . . . , 1.2,
bold lines � steady state solution. (a) �A � 1, �B � 5,
�C � 3, (b) �A � 3, �B � 5, �C � 1, (c) �A � 5, �B �
3, �C � 1. Dotted lines in column (a) mark composition at
the arheotropic point.
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be resolved into a single wave traveling jointly for all (trans-
formed) concentrations. The variable velocity v will result in
self-sharpening waves.

Conclusion

In this article, a unifying approach for understanding the
dynamic behavior of combined reaction separation processes
with fast reversible chemical reactions was presented. It ex-
tends equilibrium theory, which was first applied to nonreac-
tive chromatographic processes and nonreactive distillation
processes to the reactive case.10,23 The usefulness of the ap-
proach was illustrated for some fairly complex practical prob-
lems from the fields of reactive chromatography and reactive
distillation. Furthermore, it was shown that an extension to
membrane reactors is also possible. In the first two cases, phase
equilibrium was assumed, whereas in the second case finite
kinetics of the transport through the membrane were consid-
ered. Application of the theory is also possible for other pro-
cess which fall in these classes. In particular, for the first class
one could think of reactive extraction processes or sorption
enhanced reaction processes. For the second class one could
think of reactive pervaporation or of some other processes from
the first class with nonnegligible transport resistance between
the different phases. For a recent overview on other candidate
processes we refer to Sundmacher et al.5

It was shown that the dynamic behavior of combined reac-
tion separation processes with fast chemical reactions is equiv-
alent to the dynamic behavior of the corresponding nonreactive
problem in a reduced set of transformed concentration vari-
ables. This is consistent with the pioneering work of Doherty
and co-workers for the corresponding steady-state problem in
reactive distillation.2,32 More specifically, it was shown that the
dynamic behavior of these processes is governed by nonlinear
wave propagation. These nonlinear waves provide a simple
way for understanding the qualitative dynamics with little or
even without any tedious calculations. Hence, they are a useful
basis for further developments in the field of optimal operation
and control of combined reaction separation processes. Possi-
ble applications are seen in similar fields like for nonreactive
separation processes. In particular, concepts for nonreactive
processes can be directly transferred to reactive processes by
means of transformed concentration variables. These include
nonlinear model reduction,25 model based measurement and
model based control,33,34 like nonlinear model predictive con-
trol, for example. Furthermore, nonlinear waves may also
guide the way to the development of new advanced operational
strategies and new processes.35–37

In chromatography and membrane processes the extended
equilibrium or nonlinear wave theory can be a useful tool for
investigating feasibility and process design. In distillation and
reactive distillation one might apply similar ideas for process
design.38 However, things are getting fairly complicated for
highly nonideal mixtures, and there are other well established
methods like residue curve maps available for this purpose.39

Therefore, possible applications in the field of reactive distil-
lation is mainly seen in process control.

The treatment in this article was based on some simplifying
assumptions, which currently confine the applicability of the
approach. As indicated in the section titled “Chromatographic
Processes” an extension to variable flow rates for nonequimolar

reactions which is straightforward in the steady state case2,32

requires further careful investigation in the dynamic case. The
reason is, that variable flow rates will directly affect the char-
acteristic velocities. Hence, they will not only change the
propagation velocity of the waves, but possibly also the wave
types. Similar phenomena can be observed in nonreactive chro-
matography40,41 and nonreactive distillation42 if the overall flux
across the phase boundary is not negligible compared to the
convective transport in axial direction. Another interesting
topic or further research is concerned with the influence of
finite reaction kinetics on the dynamic behavior of combined
reaction separation processes.
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Notation

A � ratio of the molar flow rates in both phases
ci � molar concentration in the fluid phase, kmol/m3

Ci � transformed concentration variable of the fluid phase, kmol/m3

ji � dimensionless mass transfer rate
Ji � transformed flux variables
Kj � chemical equilibrium constant

l � length, m
Nc � number of components
Ns � number of solutes
Nr � number of reactions
qi � molar concentration in the solid phase, kmol/m3

Qi � transformed concentration variable of the solid phase, kmol/m3

rj � dimensionless reaction rate
r̃j � reaction rate, kmol/m3

r � eigenvector
t� � time, s
t � dimensionless time
v � dimensionless velocity
xi � mole fraction of the liquid phase
Xi � transformed concentration variable of the liquid phase
yi � mole fraction of the vapor phase
Yi � transformed concentration variable of the vapor phase
z� � spatial coordinate, m
z � dimensionless spatial coordinate

Greek letters


i � constant relative volatility
�i � dimensionless transport coefficient through the membrane
	 � ratio of the molar holdups in both phases
� � eigenvalue

�ij � stoichiometric coefficients
� � volume ratio of solid and fluid phase
� � volumetric flow ratio of solid and fluid phase

Subscripts and superscripts

i, k � species
j � reaction

in � input
tot � total


 � Phase (
)
� � Phase (�)
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Appendix A

Calculation of the pathgrid of the transformed
equilibrium function

The construction of wave solutions for chromatographic
reactors and reactive distillation processes is based on the
pathgrid of the eigenvectors of the Jacobians �Q(C)/�C and
�Y(X)/�X of the transformed equilibrium functions Q(C) and
Y(X) defined by Eqs. 8 and 19. For most systems the compu-
tation of this Jacobian is not directly possible since the trans-
formed equilibrium functions are not explicitly known, but
only implicitly. In the following it is shown how to compute
the Jacobian �Q(C)/�C by implicit differentiation in terms of
the known derivatives of the adsorption isotherms and the
reaction equilibrium. The procedure for �Y(X)/�X is analogous
and will, therefore, not be discussed in detail.
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For chromatographic reactors the transformed equilibrium
function is defined according to Eq. 8 by

Q � qII � �II��I��1qI (A1)

The solid phase concentration vectors qI and qII in this
definition are related to the fluid phase concentration vector c
by the adsorption isotherm. Furthermore, the fluid phase con-
centration vector c is related implicitly to the transformed fluid
phase concentration vector C by definition (Eq. 8) and Nr

additional algebraic constraints for chemical equilibrium of all
chemical reactions according to

0 � F�c, C� � �C � cII � �II(�I)�1cI

f(c) � (A2)

Here, the function vector f(c) represents the chemical equi-
librium constraints. For an ideal mixture, these equilibrium
conditions are

0 � fk�c� � Kk � �
i�1

Ns

ci
�ik, k � 1, . . . Nr (A3)

for example. In Eqs. A.2 and A.3, it is implicitly assumed that
the chemical reactions take place in the fluid phase as in the
binaphthol application example considered earlier. However, it
should be noted, that an analogous procedure is possible if the
chemical reactions take place in the solid phase. Equation A.2
represent Ns implicit equations for calculating Ns unknown ci’s
from Ns � Nr transformed concentration variables Ci.

Now, the required Jacobian �Q(C)/�C is obtained by differ-
entiation of Eq. A.1 with respect to C according to

�Q
�C

�
�Q
�c

�c
�C

(A4)

In this expression, the derivative �Q/�c involves the stan-
dard derivatives of the adsorption isotherms with respect to the
fluid phase concentrations according to

�Q
�c

�
�

�c
�qII � �II��I��1qI� (A5)

and the derivative �c/�C is obtained by implicit differentiation
of Eq. A.2

�c
�C

� ���F
�c�

�1 �F
�C

(A6)

The pathgrid is computed by integrating along the eigenvec-
tors rk(C) of the Jacobian A.4–A.6, for suitable initial condi-
tions according to

dC
d�

� rk�C�, C�� � 0� � C0 (A7)

The independence variable � in this equation represents
some suitable parametrization of the curve in the hodograph
space.

Since the derivatives in Eqs. A.4–A.6 also depend on the
original fluid phase concentration vector c, c has to be deter-
mined simultaneously for each value of C along the curve from
the implicit algebraic Eq. A.2. This is done most conveniently
with a DAE solver like DASSL for example.43 Since DASSL is
available in MATLAB, a program for calculating and visual-
izing the pathgrid is readily implemented in MATLAB.
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